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Abstract 

We derive both local and global generalized Bianchi identities for clas- 
sical Lagrangian field theories on gauge-natural bundles. We show that 
globally defined generalized Bianchi identities can be found without the 
a priori introduction of a connection. The proof is based on a global 
decomposition of the variational Lie derivative of the generalized Euler- 
Lagrange morphism and the representation of the corresponding general- 
ized Jacobi morphism on gauge-natural bundles. In particular, we show 
that within a gauge-natural invariant Lagrangian variational principle, 
the gauge-natural lift of infinitesimal principal automorphism is not in- 
trinsically arbitrary. As a consequence the existence of canonical global 
superpotentials for gauge-natural Noether conserved currents is proved 
without resorting to additional structures. 
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1 Introduction 

Local generalized Bianchi identities for geometric field theories were introduced 
El ^1 Qi] to get (after an integration by part procedure) a consistent 
equation between local divergences within the first variation formula. It was also 
stressed that in the general theory of relativity these identities coincide with the 
contracted Bianchi identities for the curvature tensor of the pseudo-Riemannian 
metric. We recall that in the classical Lagrangian formulation of field theories 
the description of symmetries amounts to define suitable (vector) densities which 
generate the conserved currents; in all relevant physical theories this densities 
are found to be the divergence of skew-symmetric (tensor) densities, which are 
called superpotentials for the conserved currents. It is also well known that the 
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importance of superpotentials relies on the fact that they can be integrated 
to provide conserved quantities associated with the conserved currents via the 
Stokes theorem (see e.g. |2] and references quoted therein). 

Subsequently, many attempts to "covariantize" such a derivation of Bianchi 
identities and superpotentials have been made (see e.g. [HITll^ [TTl [T^ 1^ 1^ 
and the wide literature quoted therein) by resorting to background metrics 
or (fibered) connections used to perform covariant integration by parts to get 
covariant (variations of) currents and superpotentials. In particular, in [TU] 
such a covariant derivation was implicitly assumed to hold true for any choice 
of gauge-natural prolongations of principal connections equal to prolongations 
of principal connections with respect to a linear symmetric connection on the 
basis manifold in the sense of |2Z1 EH ED . 

In the present paper, we derive both local and global generalized Bianchi iden- 
tities for classical field theories by resorting to the gauge-natural invariance of 
the Lagrangian and via the application of the Noether Theorems jiffll . In partic- 
ular we show that invariant generalized Bianchi identities can be found without 
the a priori introduction of a connection. The proof is based on a global de- 
composition of the variational Lie derivative of the generalized Euler-Lagrange 
morphism involving the definition - and its representation - of a new morphism, 
the generalized gauge-natural Jacobi morphisms. It is in fact known that the 
second variation of a Lagrangian can be formulated in terms of Lie derivative 
of the corresponding Euler-Lagrange morphism ^1 El 1201 QHI • As a conse- 
quence the existence of canonical, i. e. completely determined by the variational 
problem and its invariance properties, global superpotentials for gauge-natural 
Noether conserved currents is proved without resorting to additional structures. 

Our general framework is the calculus of variations on finite order jet of 
fibered bundles. Fibered bundles will be assumed to be gauge-natural bundles 
{i.e. jet prolongations of fiber bundles associated to some gauge-natural prolon- 
gation of a principal bundle P |S1|221 ESI EZl EH ISS ) and variations of sections 
are (vertical) vector fields given by Lie derivatives of sections with respect to 
gauge-natural lifts of infinitesimal principal automorphisms (see e.g. |51 l24[|^ '). 

In this general geometric framework we shall in particular consider finite 
order variational sequences on gauge-natural bundles. The variational sequence 
on finite order jet prolongations of fibered manifolds was introduced by Krupka 
as the quotient of the de Rham sequence of differential forms (defined on the 
prolongation of the fibered manifold) with respect to a natural exact contact 
subsequence, chosen in such a way that the generalized Euler-Lagrange and 
Helmholtz-Sonin mappings can be recognized as some of its quotient mappings 
1211 EH- The representation of the quotient sheaves of the variational sequence 
as sheaves of sections of tensor bundles given in |46j and previous results on 
variational Lie derivatives and Noether Theorems |1L)II15| will be used. Further- 
more, we relate the generalized Bianchi morphism to the second variation of the 
Lagrangian. A very fundamental abstract result due to Kolai^ concerning global 
decomposition formulae of vertical morphisms, involved with the integration by 
parts procedure j^EHEOl) will be a key tool. In order to apply this results, 
we stress linearity properties of the Lie derivative operator acting on sections 
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of the gauge-natural bundle, which rely on properties of the gauge-natural lift 
of infinitesimal principal automorphisms. The gauge- natural lift enables one to 
define the generalized gauge-natural Jacobi morphism {i.e. a generalized Jacobi 
morphism where the variation vector fields - instead of general deformations 
- are Lie derivatives of sections of the gauge-natural bundle with respect to 
gauge-natural lifts of infinitesimal automorphisms of the underlying principal 
bundle), the kernel of which plays a very fundamental role. 

The paper is structured as follows. In Section 2 we state the geometric 
framework by defining the variational sequence on gauge natural-bundles and 
by representing the Lie derivative of fibered morphisms on its quotient sheaves; 
Section 3 is dedicated to the definition and the representation of the generalized 
gauge-natural Jacobi morphism associated with a generalized gauge-natural La- 
grangian. We stress some linearity properties of this morphism as a consequence 
of the properties of the gauge-natural lift of infinitesimal right-invariant auto- 
morphisms of the underlying structure bundle. In Section 4, by resorting to the 
Second Noether Theorem, we relate the generalized Bianchi identities with the 
kernel of the gauge-natural Jacobi morphism. We prove that the generalized 
Bianchi identities hold true globally if and only if the vertical part of jet prolon- 
gations of gauge-natural lifts of infinitesimal principal bundle automorphisms is 
in the kernel of the second variation, i. e. of the generalized gauge- natural Jacobi 
morphism. 

Here, manifolds and maps between manifolds are C°°. All morphisms of 
fibered manifolds (and hence bundles) will be morphisms over the identity of 
the base manifold, unless otherwise specified. 

2 Variational sequences on gauge-natural bun- 
dles 

2.1 Jets of fibered manifolds 

In this Section we recall some basic facts about jet spaces. We introduce jet 
spaces of a fibered manifold and the sheaves of forms on the s-th order jet space. 
Moreover, we recall the notion of horizontal and vertical differential |32ll38lll^ . 

Our framework is a fibered manifold tt : 1^ — s- X, with dhnX = n and 
diml^ = n + m. 

For s > q > integers we are concerned with the s-jet space J^Y of s-jet 
prolongations of (local) sections of vr; in particular, we set JqY = Y. We recall 
the natural fiberings tt^ : JgY — > JqY, s > q, t:^ : JsY X, and, among 
these, the affine fiberings tt^_i. We denote with VY the vector subbundle of 
the tangent bundle TY of vectors on Y which are vertical with respect to the 
fibering tt. 

Charts on Y adapted to tt are denoted by {x°',y^). Greek indices a, fj,, . . . 
run from 1 to n and they label basis coordinates, while Latin indices . . . run 
from 1 to m and label fibre coordinates, unless otherwise specified. We denote 
by {da-, di) and {dF , c?*) the local basis of vector fields and 1-forms on Y induced 
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by an adapted chart, respectively. We denote multi-indices of dimension n by 
boldface Greek letters such as a = (ai, . . . , an), with < a^, = 1, . . . , n; by 
an abuse of notation, we denote with a the multi-index such that = 0, if 
(U 7^ (T, = 1, if /i = CT. We also set |a| ai + • • • + a„ and a! := ai! . . . «„!. 
The charts induced on JsY are denoted by {x'^,ya), with < |a| < s; in 
particular, we set Uq = y^. The local vector fields and forms of JgY induced by 
the above coordinates are denoted by ((9") and (rf^), respectively. 

In the theory of variational sequences a fundamental role is played by the 
contact maps on jet spaces (see I^HIISZIISHIISI)- Namely, for s > 1, we consider 
the natural complementary fibered morphisms over JsY Js-iY 

V : JsY xTX ^ TJs-iY . d : JsY x TJs-iY VJs-iY , 
with coordinate expressions, for < \a\ < s — 1, given by 

The morphisms above induce the following natural splitting (and its dual): 

JsY X T*Js-iY^(jsY X T*x\®C*s_^[Y], (1) 

where C*_i[Y] ■.= imd*s and : JsY x V*Js-iY -> JsY x T*Js-iY . 
We have the isomorphism C*_J1'] ~ JsY x V*Js-iY. The role of the 

splitting above will be fundamental in the present paper. 

If / : JsY ^ Mis a function, then we set D^/ := V^f, Da+af ■— DcDaf , 
where is the standard formal derivative. Given a vector field 'E. : JsY ^ 
TJsY, the splitting ((TJ yields S o 7r|+i =2^ + 2^ where, if S = E^d^ + Sj^9f , 
then we have Sjj = E''Dj and Sy = (S^ — yl^_^_^E'^)d°' . We shall call Eh and 
5y the horizontal and the vertical part of S, respectively. 

The splitting ^ induces also a decomposition of the exterior differential on 
Y, (7r|_2)*o d — dn + dy, where djy and dy are defined to be the horizontal 
and vertical differential. The action of dn and dy on functions and 1-forms on 
JsY uniquely characterizes dn and dy (see, e.g., 03 EH for more details). A 
projectable vector field on Y is defined to be a pair (S,^), where S : Y" — » TY 
and : X TX are vector fields and S is a fibered morphism over ^. If 
there is no danger of confusion, we will denote simply by S a projectable vector 
field (2,^). A projectable vector field (S,^), with coordinate expression S = 
^'^9cr + Cdi, C = i'^da, can be conveniently prolonged to a projectable vector 
field (jsE,^), whose coordinate expression turns out to be 

where /3 ^ and < \a\ < s (see e.g. EH US ESj); in particular, we 
have the following expressions {js^)H — ^'^ Da, (is2)y — Da{Ey)^ df, with 
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(5^)* = — v],£f ^ for the horizontal and the vertical part of jgS, respectively. 
From now on, by an abuse of notation, we will write simply js'^H and jsSy . In 
particular, js^v ■ Js+iY x JgY Js+iY x JgVY. 

We are interested in the case in which physical fields are assumed to be sec- 
tions of a fibered bundle and the variations of sections are generated by suitable 
vector fields. More precisely, fibered bundles will be assumed to be gauge- 
natural bundles and variations of sections are (vertical) vector fields given by 
Lie derivatives of sections with respect to gauge-natural lifts of infinitesimal 
principal automorphisms. Such geometric structures have been widely recog- 
nized to suitably describe so-called gauge-natural field theories, i.e. physical 
theories in which right-invariant infinitesimal automorphisms of the structure 
bundle P uniquely define the transformation laws of the fields themselves (see 
e.g. [51I321)- In the following, we shall develop a suitable geometrical setting 
which enables us to define and investigate the fundamental concept of conserved 
quantity in gauge-natural Lagrangian field theories. 

2.2 Gauge-natural prolongations 

First we shall recall some basic definitions and properties concerning gauge- 
natural prolongations of (structure) principal bundles (for an extensive exposi- 
tion see e.g. [l^2\ and references therein; in the interesting paper 23., fundamental 
reduction theorems for general linear connections on vector bundles are provided 
in the gauge-natural framework). 

Let P X he a, principal bundle with structure group G. Let r < fc be 
integers and VF^'^''"''P JrP x Lk{X), where Lk{X) is the bundle of fc-frames 

inX (51I221E2, W^'''^^G:=JrGe>GLk{n) the semidirect product with respect 
to the action of GL]^{n) on J^G given by the jet composition and GL}~{n) is the 
group of /c-frames in J?". Here we denote by JrG the space of (r, n)-velocities 
on G. 

Elements of w''^'^'' P are given by {jrlijl^), with 7 : X ^ P a local 
section, t : IR^ X locally invertible at zero, with t(0) = x, x E X. Elements 
of W^''''''>G are (j^gj^a), where g : M"^ G, a : FT' ~> 1?" locally invertible 
at zero, with a(0) = 0. 

Remark 1 The bundle W^'^''''' P is a principal bundle over X with structure 
group W'-'''''^G. The right action of W^'^-'^^G on the fibers of w'-'^^^^ P is defined 
by the composition of jets (see, e.g., |23E2|)- CH 

Definition 1 The principal bundle W^'^'^'^P (resp. the Lie group W'^'''''^G) is 
said to be the gauge-natural prolongation of order (r,k) of P (resp. ofG). D 

Remark 2 Let ($,(/)) be a principal automorphism of P It can be pro- 

longed in a natural way to a principal automorphism of W^^'^'^ P, defined by: 
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The induced automorphism W^^" '{^, (p) is an equivariant automorphism of 
W''"''^'P with respect to the action of the structure group W^^'^^'G. We shall 
simply denote it by the same symbol if there is no danger of confusion. □ 

Definition 2 We define the vector bundle over X of right-invariant infinitesi- 
mal automorphisms of P by setting A = TP/G. 

We also define the vector bundle over X of right invariant infinitesimal au- 
tomorphisms of W^'''^^P by setting ■.= TW''''^^^ P /W^'"'^'^ G {r < k). 

□ 

Remark 3 We have the following projections A^"^'^^ A'^'^ \ r < k, r' < k', 
with r > r', s > s' . D 



2.3 Gauge-natural bundles and lifts 

Let F be any manifold and C : W^^'^'^^G x F ^ F he a left action of W'-^'-'^'^G 

on F. There is a naturally defined right action of VF*- G on W'--^'''^P x F so 
that we can associate in a standard way to w'-^''^'' P the bundle, on the given 
basis X, W^'^-'^^P F. 

Definition 3 We say ("K^, X, tt^; F, G) to be the gauge-natural bundle of order 
(r, k) associated to the principal bundle W^^'^'^P by means of the left action ( 
of the group W'^''''''>G on the manifold F |H1 E^. □ 

Remark 4 A principal automorphism $ of W^^'''^ P induces an automorphism 
of the gauge-natural bundle by: 

$C : Fc ^ l^C ^ iUrl, fkt), he ^ MJrl, Jkt)J]c > (2) 
where f & F and [•, -J^ is the equivalence class induced by the action □ 

Denote by Tx and A^'^''^'' the sheaf of vector fields on X and the sheaf of 
right invariant vector fields on W^^''^'' P, respectively. A functorial mapping & is 
defined which lifts any right-invariant local automorphism ($, 0) of the principal 
bundle W^^'^'^^P into a unique local automorphism (<i>^,(/)) of the associated 
bundle Y^. Its infinitesimal version associates to any S £ .4*^''''"'^ projectable 
over ^ e Tx, a unique projectable vector field S :— on 1^^ in the following 
way: 

*8:Y^x ^(-^^) TY^ : (y, S) ^ E{y) , (3) 

where, for any y E 1^^, one sets: S(y) — ^[(<i>ct)(2/)]t=o, and $(;t denotes the 
(local) flow corresponding to the gauge- natural lift of . 
This mapping fulfils the following properties: 

1. © is linear over idy,; 
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2. we have Ttt^ o = idTx ° tt^'"''^^ , where tt^'"''^^ is the natural projection 
Yc X A^'''^^ ^ TX; 

X 

3. for any pair (A, S) of vector fields in A'^'^'^\ we have 

0([A,S]) = [0(A),0(S)]; 

4. we have the coordinate expression of 

= d'^^d^ + + , (4) 

with < |z^| < /c, 1 < |A| < r and Z^X , Zl^ e C°°(Yc) are suitable 
functions which depend on the bundle, precisely on the fibers (see |32p. 

Definition 4 The map is called the gauge-natural lifting functor. The pro- 
jectable vector field (S, ^) = 0((S, ^)) is called the gauge-natural lift of (S, ^) to 
the bundle Y^. □ 

2.4 Lie derivative of sections of gauge-natural bundles 

Let 7 be a (local) section of Y^, S g A^'^''^^ and S its gauge-natural lift. Fol- 
lowing [32] we define a (local) section : X l^^r^C: by setting: £^7 = 
T7 0^ — 207. 

Definition 5 The (local) section £§_'y is called the generalized Lie derivative of 
7 along the vector field S. □ 

Remark 5 This section is a vertical prolongation of 7, i.e. it satisfies the prop- 
erty: o £h7 = 7, where is the projection i/y^ : VY q —>■ Y^. Its 
coordinate expression is given by {£^'yy — ^"^d^j^ — ^'(7). 

Remark 6 The Lie derivative operator acting on sections of gauge-natural bun- 
dles satisfies the following properties: 

1. for any vector field S £ A'^^'''\ the mapping 7 1-^ £^'j is a first-order 
quasilinear differential operator; 

2. for any local section 7 of Y^, the mapping S 1— > £§^'j is a linear differential 
operator; 

3. by using the canonical isomorphism VJ^Y^ — JsVY^, we have £s.[jr"/] = 
js[£s7], for any (local) section 7 of Yq and for any (local) vector field 

We can regard £^ : JiY^ — > VY^ as a morphism over the basis X. 
In this case it is meaningful to consider the (standard) jet prolongation 
of £^, denoted by Js-^h ■ Js+iYq VJgYc- Furthermore, we have 
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4. we can consider £ as a bundle morphism: 

£:J,+i{Y^xA^-'^^)^J,+,Y^ X VJ^Y^. (5) 

□ 

2.5 Variational sequences 

For the sake of simplifying notation, sometimes, we will omit the subscript C, so 
that all our considerations shall refer to Y" as a gauge-natural bundle as defined 
above. 

We shall be here concerned with some distinguished sheaves of forms on jet 
spaces inSIEIIESIEni- Due to the topological triviahty of the fibre of JgY Y, 
we will consider sheaves on JsY with respect to the topology generated by open 
sets of the kind (ttq)"^ ([/), with U CY open in Y. 

i. For s > 0, we consider the standard sheaves of p-forms on JgY. 

ii. For < g < s, we consider the sheaves Ti.^^ and Tif of horizontal forms, 
i. e. of local fibered morphisms (following the well known correspondence between 
forms and fibered morphisms over the basis manifold, see e.g. |H2j ) over tt^ and 

tt" of the type a : J^Y -> /\T*JgY and (3 : J^Y AT*X, respectively. 

iii. For < o < s, we consider the subsheaf Cf ^ C ?if > of contact 

P 

forms, i.e. of sections a G g) values into A(C*[y]). We have the 

distinguished subsheaf C^s C C^^^i s) of local fibered morphisms a £ C^^^+i s) 

p p 
such that a = Ai9*^]^ oa, where a is a section of the fibration Js_|_il^ x AV*JsY 

— > Js+iY which projects down onto JgY. 

Remark 7 Notice that according to |^ QHI j the fibered splitting yields 
the sheaf splitting 'H^^^-^ — ®t^Q C^^+i s) ^'^l+i^ "which restricts to the inclu- 
sion Af C 0^^o CP-*s A H*'s+i, where T^^'^Vi ■= HH) for < p < n and the 
surjective map h is defined to be the restriction to Af of the projection of the 
above splitting onto the non-trivial summand with the highest value of t. D 

The induced sheaf splitting above plays here a fundamental role. We stress 
again that, for any jet order s, it is induced by the natural contact structure 
on the affine bundle 7rf+^. Since a variational problem (described by the corre- 
sponding action integral) is insensitive to the addition of any piece containing 
contact factors, such an afhne structure has been pointed out in |36| to be 
fundamental for the description of the geometric structure of the Calculus of 
Variations on finite order jets of fibered manifolds. This property reflects on 
the intrinsic structure of all objects defined and represented in the variational 
sequence of a given order which we are just going to introduce. In particular 
this holds true for the generalized Jacobi morphism we will define and represent 
in Section 3. 
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We shortly recall now the theory of variational sequences on finite order jet 
spaces, as it was developed by D. Krupka in |36i ■ 

By an abuse of notation, let us denote by d ker h the sheaf generated by the 
presheaf dkeih in the standard way. We set Q* := ker ft, + d ker ft. 

In it was proved that the following sequence is an exact resolution of 
the constant sheaf My over Y: 

o^My^A',^ Al/el ^ Al/el ^ ... ^ Ai/ei ^ Ai+^ ^ o 

Definition 6 The above sequence, where the highest integer / depends on the 
dimension of the fibers oi JgY X (see, in particular, is said to be the 

s-th order variational sequence associated with the fibered manifold Y ^ X. 

□ 

For practical purposes, specifically to deal with morphisms which have a well 
known interpretation within the Calculus of Variations, we shall limit ourselves 
to consider the truncated variational sequence: 

My ^Vl ^ ...^ V:+' ^ fn+i(Vr+i) ^ , 

where, following gHj, the sheaves i^Cf"" A H"' J+i/ft(ciker ft) with < p < 
n + 2 are suitable representations of the corresponding quotient sheaves in the 
variational sequence by means of sheaves of sections of vector bundles. We notice 
that in the following, to avoid confusion, sometimes (when the interpretation 
could be dubious) we shall denote with a subscript the relevant fibered bundle 
on which the variational sequence is defined; e.g. in the case above, we would 
write iVP)Y- 

Let a G Cl ATi"'^^]^ C V"_^i. Then there is a unique pair of sheaf morphisms 

(EiEiiini) 

such that (7r^^i^^)*Q! — — F^,, and F^, is locally of the form F^, — dHPa, with 

Definition 7 Let 7 £ A"+^. The morphism -B;i(-y) G V"+^ is called the general- 
ized Euler- Lagrange morphism associated with 7 and the operator f„ is called 
the generalized Euler-Lagrange operator. Furthermore Ph^^y) is a generalized 
momentum associated with □ 

Let e C] A C^^ A 7i"'s-|_i C , then there is a unique morphism 

such that, for all S : 1^ ^ VY , Ej^^jjj — Cl{j2s'^(^K^), where Cl stands for 
tensor contraction on the first factor and J denotes inner product (see |34l I46| l. 
Furthermore, there is a unique pair of sheaf morphisms 

^ ^("2s.s) ^ ^("2s,0) ^ ^"'2s+l ' '-^ff ^ ^(^2s,s) ^ ^"'2s+l 1 (7) 



9 



such that {tt'^^^)*'!] = H,j — G,, and i?^ — ^A{Kjj), where A stands for 
antisymmetrisation. Moreover, is locally of the type G,, = d^qr^, where 
% G CI2S-1.S-1) ^ ^""'2., hence [77] = [H^] 

Definition 8 Let 7 e A"+^. The morphism Hhd-i = ^^[£„+i(7)], where square 
brackets denote equivalence class, is called the generalized Helmholtz morphism 
and the operator £„+! is called the generalized Helmholtz operator. Furthermore 
Qhdj = (7)] is a generalized momentum associated with the Helmholtz 

morphism. D 

Remark 8 A section A € V" is just a Lagrangian of order (s+1) of the standard 
literature. Furthermore, i£'„(A) £ V""*"^ coincides with the standard higher order 
Euler-Lagrange morphism associated with A. □ 

Remark 9 It is well known that it is always possible to find global morphisms 
Ph{-y) and ghd-y satisfying decomposition formulae above; however, this possibility 
depends in general on the choice of a linear symmetric connection on the basis 
manifold (see [DElEj). In the present paper, we shall avoid to perform such a 
choice a priori, with the explicit intention of performing an invariant derivation 
of generalized Bianchi identities, which does not relay on an invariant decom- 
position involving (local) divergences; that is in fact possible when resorting to 
the representation of the Second Noether Theorem in the variational sequence, 
as shown by Theorem 3 below. This is due to the fact that in the quotient 
sheaves of the variational sequence contact forms and horizontal differentials of 
contact forms of higher degree are factored out. It is also clear that this will 
give, at least, prescriptions on the meaningful (within a fully gauge-natural in- 
variant variational problem) possible choices of connections to be used to derive 
covariantly generalized Bianchi identities in the classical way. D 



2.6 Variational Lie derivative 

In this Subsection, following essentially |15j . we give a representation in the 
variational sequence of the standard Lie derivative operator acting on fibered 
morphisms. We consider a projectable vector field (S,^) on Y and take into 
account the Lie derivative operator ij.,H with respect to the jet prolongation 
jsS of S. In fact, as well known, such a prolonged vector field preserves the 
fiberings tt^, tt**; hence it preserves the splitting Thus we have 

C,^s : Vf ^ Vf : [a] ^ /:,,h(H) = [L.^^a] ■ 

Definition 9 Let (S, £,) be a projectable vector field. We call the map Cj^s 
defined above the variational Lie derivative. □ 

Variational Lie derivatives allow us to calculate infinitesimal symmetries of 
forms in the variational sequence. In particular, we are interested in symmetries 
of generalized Lagrangians and Euler-Lagrange morphisms which will enable 
us to represent in this framework Noether Theorems as well as known results 
stated in the framework of geometric bundles (see e.g. the fundamental papers 
by Trautman O El EH] ) . 
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Remark 10 Let s < g. Then the inclusions Af C and Gf C 9^ yield the 
injective sheaf morphisms (see pi) xi ■ (Af/Of) ^ (A^/eP) : [a] i-> [(7rf)*a], 
hence the inclusions nj : Vf ^ for s < q. □ 

The inclusions Kf of the variational sequence of order s in the variational 
sequence of order q give rise to new representations of £j\,h on V^. In particular, 
the following two results hold true |15| . 

Theorem 1 Let [a] — h{a) e V". Then we have locally 

Kf+'^oCj^s{h{a)) = Ev\£n{h{a)) + dH{j2s'^v\Pdvh(a) + i\h{(^)) ■ 
Proof. We have 

= dH{js+i^H\h{a)) + h{is+2'^v\dvh{a)) 

= dH{£,\h(a)) + h(j2s + l'^v\{Ed^h{a) + FdvHa))) ■ 

Since Fj^^hi^) = dHPdvHa) locally, then 



Theorem 2 Let a £ A"+^. Then we have globally 

Proof. We have 

Kl''+'^oCj^E[a] = [£n{js+i'^v\h{a)) + js+iEvldyhia)] 

= £n{js+l'^v\h{a)) + Cl{js'B.V®Khda) ■ 

\QED\ 



3 Variations and generalized Jacobi morphisms 

To proceed further, we now need to recall some previous results concerning 
the representation of generalized Jacobi morphisms in variational sequences and 
their relation with the second variation of a generalized Lagrangian f |13[ I14L 
1171 14()| . see also the fundamental paper [2111 )■ In [Tl] the relation between the 
classical variations and Lie derivatives of a Lagrangian with respect to (vertical) 
variation vector fields was worked out and the variational vertical derivative was 
introduced as an operator acting on sections of sheaves of variational sequences, 
by showing that this operator is in fact a natural transformation, being a func- 
tor on the category of variational sequences. We shall here introduce formal 
variations of a morphism as multiparameter deformations showing that this is 
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equivalent to take iterated variational Lie derivatives with respect to (vertical) 
variation vector fields. Our aim is to relate, on the basis of relations provided 
by Corollary n and Proposition^below, the second variation of the Lagrangian 
A to the Lie derivative of the associated Euler-Lagrange morphism and to the 
generalized Bianchi morphism, defined by Eq. (|25|l in Subsection ?? below. 

We recall (see ^l^^El) a Lemma which relates the i-th variation with 
the iterated Lie derivative of the morphism itself. Furthermore, following |29j . 
we recall the relation between the variation of the morphism and the vertical 
exterior differential. 

Definition 10 Let a : J^Y AT*JsY. Let tp^^, with 1 < A; < i, be the flows 
generated by an z-tuple (Si, . . . , S^) of (vertical, although actually it is enough 
that they are projectable) vector fields on Y and let Fj be the i-th formal 
variation generated by the S^'s (to which we shall refer as variation vector 
fields) and defined, for each y GY,hy Fi(ti, . . . , ti){y) = tpl, o . . . o ij;]^ (y). We 
define the i-th formal variation of the morphism a to be 

■■= g^^ g^^ L,,...,..=o(« ° J^r,(tl, . . . , U){y)) . □ (8) 

The following two Lemmas state the relation between the i-th formal vari- 
ation of a morphism and its iterated Lie derivative |i;^l 1141 [T7I I2()| . 

p 

Lemma 1 Let a : JgY — > KT*JsY and Lj^-£i_ be the Lie derivative operator 
acting on differential fibered morphism. 

Let Ti be the i-th formal variation generated by variation vector fields S^, 
1 < k < i on Y . Then we have 

5^a = Lj^-Ei ■ ■ ■ Lj^-EiCt . (9) 

Lemma 2 Let S be a variation vector field on Y and A G A". Then we have 
SX = js^\dvX W3- 

Remark 11 Owing to the linearity properties of dyA, we can think of the 
operator 5 as a. linear morphism with respect to the vector bundle structure 

n 

JsVY X, so that we can write 5a : J^Y JsV*Y A AT*X. This property 
can be obviously iterated for each integer i, so that one can analogously define 
an i-linear morphism (5*. In particular, we have 5^a : JgY x JgVY — > JsV*YiS) 

X 

JsV*Y A AT*X. □ 

For notational convenience and by an abuse of notation, in the sequel we shall 
denote with the same symbol an object defined on the vertical prolongation VY 
as well as the corresponding one defined on the iterated vertical prolongation 
V{VY), whenever there is no danger of confusion. 
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Corollary 1 Let A G (A")y. Let 5i, 52 &e two variation vector fields on Y 
generating the formal variation T2 ■ Then we have 

= j2s^2\£n{SX)+dHU2s^2\PdvSx) (10) 

= d{j2s^i\£n{X)+dH{32sEl\pd^x)) (11) 

= j2sS2jf„((j2sSiJf„(A)) +dff(j2s+lS2jprf^(HiJ£,.(A)) + (12) 

+ <5(i2sSiJprf,A)) . (13) 

Proof. We apply Lemma |21 and decomposition provided by Theorem ^ 
Furthermore, dnS = Sdn, which follows directly from the analogous naturality 
property of the Lie derivative operator. \qed\ 



Remark 12 From the relations above we also infer, of course, that 

j2sS2jf„((j2sSiJ£:„(A)) + dH(j2s+lS2jpdv(EiJf„(A))) = 

= 5{j2s^i\£ni\))^5^X, 

j2sS2jf„((j2s2iJ£:„(A)) + dH{S{j2s'^l\Pdv\)) = j2s'^2\£n{SX) ■ □ 



3.1 Variational vertical derivatives and generalized Jacobi 
morphisms 

In this Section we restrict our attention to morphisms which are (identified with) 
sections of sheaves in the variational sequence. We shall recall some results of 
ours |13l I14| by defining the i-th variational vertical derivative of morphisms. 
Let a e (V,")y. We have 

6'[a] ■.=[5'a] = [Lh, . . . Ls,a] = £3, • • • Ce, [a] . 

Definition 11 We call the operator 5* the i~th variational vertical derivative. 

□ 

In 1 141 the variational vertical derivative was introduced as an operator act- 
ing on sections of sheaves of variational sequences, by showing that this operator 
is in fact a natural transformation, being a functor on the category of variational 
sequences as it can be summarized by the following commutative diagram. 
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s 



--n+2 



{Vs)yxVY 

S 



f 



s 



f 



+2 



{y^s)YxV(VY) — " (V" )yxV{VY) " )yxV(VY)) 



--n+2 



As a straightforward consequence we have the foUowing characterization of 
the second variation of a generahzed Lagrangian in the variational sequence. 

Proposition 1 Let A G (V")y and let a, be a variation vector field; then we 
have 

S^X - [5„(j2sSjMA) + Cl{j2s^^KhdSx)] ■ (14) 

Proof. Since 6X G {V^)vy, by Remark CT] we have that SX G (V]'+i)y 
and then hdSX G fn+i(V"+^)i' C (V"+^)v; thus the assertion follows by a 
straightforward application of Theorem [3 Notice that here Cl{j2s'^'S)KfidSx) ■ 
J2sY X J2sVY V*Y A }\T*X. EUl 

X 



Remark 13 Let I > and let F be any vector bundle over X. Let a : Ji{Y x 

p 

F) — > KT*X be a linear morphism with respect to the fibering ,]{¥ x JiF 

X 

JiY and let Dh be the horizontal differential on 1^ x i^. We can uniquely write 

X 

a as 

a = a : JiY ^ Cf [F] A {AT*X) . 



Then Dfja = Dfja (this property was pointed out in TBI). □ 

Lemma 3 Let S he a variation vector field. Let x(A, S) C\{j2s'^®Kiid5\) = 
Ej^~.\h(dS\) o.iT-d let Dh be the horizontal differential on Y x VY . We can see 

x(A,S) as an extended morphism x(A, S) : J2s{Y x VY) J2sV*{Y x VY)i^ 

X X 

n - 

V*Y A {AT*X) satisfying Dhx{X, S) = 0. 

n 

Proof. The morphism x(A, S) : J2s{Y x VY) V*Y A {AT*X) is a 
linear morphism with respect to the projection J2s{Y x VY) J2sY (see 
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Remark [TT]| . then we can apply the Remark above, so that x(A, 5) : J2sY 
J2sV*{VY)(S,V*Y A {AT*X) ~ J2sV*Y(g)J2sV*Y(E)V*Y A {AT*X) and agam 

n 

by hnearity we get x(A, S) : J2siY x VY) J2sV*Y(E)V*Y A iAT*X). [HU 

The foUowing Lemma is an apphcation of an abstract resuh, due to Horak 
and Kolaf |21l 1291 OOI , concerning a global decomposition formula for vertical 
morphisms. 

Lemma 4 Let 'E. be a variation vector field. 

Let x(A, S) as in the above Lemma. Then we have (7r2^^J)*x(A, S) ~ £'^(a,h) + 
F^(x^S), where 

E^(^,E) : J4s{Y X VY) ^ C^[Y](S,C;[Y] A AT*X , (15) 
and locally, K^(a,h) = ^-ff^^x(A.H)j 

n-l 

Mx(A^H) : J4s-i{Y X FF) ^ C2*,_i[y]®Co*[y] A A T*X . 

Proof. Following e. (7. [^OUIIIS] . the o/ofea^ morphisms E^,r \ ^\ and F^,r \ ^\ 
can be evaluated by means of a backwards procedure. \qeo\ 



Definition 12 We call the morphism J'(A, ^) :=i?x(^ s) the generalized Jacobi 
morphism associated with the Lagrangian A. D 

Example 1 Let us write explicitly the coordinate expression of J'{X,E). By 
functoriality of 6, we have h{d6X) = h{SdX). Let now locally A — Lui, where L 
is a function of JsY and oj a volume form on X, then dX — df'{L)d]^ A lo and 
(5dA = df{df'L)di(g>di,Auj, thus finally /i(,5dA) = h{dSX) = d.j{df-L)dl^®d' Au. 
As a consequence we have, with < |/.t|, \a\, \(t\ < 2s + 1: 

X(A,S) = 

= D^E'y (dML)- Y^{-l)\^+'^\^-^^-^D^df{dtL)\ dT^-Dl^^^Au- 

= x!r,,5r®^^^®^'Ac^; 
and by the Lemma above, we get (up to divergencies): 

J{X,E)^{-l)\'^\Do,X%^d^®'d'®i)' Au. □ (16) 



3.2 Generalized gauge-natural Jacobi morphisms 

We intend now to specify the just mentioned results and definitions concerning 
the Jacobi morphism by considering as variation vector fields the vertical parts of 
prolongations of gauge-natural lifts of infinitesimal principal automorphisms to 
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the gauge-natural bundle . Owing to linearity properties of the Lie derivative 
of sections and taking into account the fact that, as we already recalled, js'^v = 
— £j^^^ ^6 can state the following important results. 

Recall (see Proposition 15.5) that the jet prolongation of order s of 
is a gauge-natural bundle itself associated to some principal prolongation 
of order {r + s,k + s) of the underling principal bundle P. Let S € y^''"''^-' 
and S := ©(S) the corresponding gauge-natural lift to Y(^. Let j^S be the s-jet 
prolongation of S which is a vector field on JsY(^. It turns out then that it is 
a gauge natural lift of S too, i.e. js®(2) = ©(jsS). Let us consider jsSy, i.e. 
the vertical part according to the splitting We shall denote by jsSy the 
induced section of the vector bundle j[ir+s,k+s) rpj^^ sections of this 

kind defines a vector subbundle of JsA''^''^^ which we shall denote, by a slight 
abuse of notation (since we are speaking about vertical parts with respect to 
the splitting O), by V JsA^''''''> . 

Lemmas Lei x(A, 0(S)v) •- C|(j2sS®i4:M£„ ^, a) = ^ x- 

Dh he the horizontal differential on Y q ^ VA^'^'^^ . Then we have: 

«^i)*X(A,©(S)y) = + J^x(A,«(H).) . 

where 

^x(A.6(H)v ■■ JisYc X VJ^sA^--"^ ^ Co*[^('^''=)]®Co*[^('-''=)] A (AT*X) , (17) 
and locally, F^(a,0(h)v-) = ^h^'^x(a,0(h)v)' '^^^^ 

M^ixM^W) ■■ J^sYc X VJ.sA^^''^^ ^ C;,_,[A^^^'^^]<E>C*[A^^^'^] A ("AV*X) . 

Proof. Notice that, since x(A, ©(S)y) = E(^_£.^^^^f^^jr,^ ^^^^x), as a con- 
sequence of the linearity properties of x(A, S) and of linearity properties of the 
Lie derivative operator £ (see Subsections 2.3 and 2.4) we have x(A, ©(S)v) : 

Jasl^f xFJ2,^('-''=) ^ C2*jyc^^-^^'''''^]®Q[^*''''^'^] ^ (AT*X) and i?^fx(A, «(S)y)| 
= 0. Thus the decomposition Lemma 0] can be applied. \qed\ 



Definition 13 Let S e A^'''''\ 

We call the morphism 0(S)v') :— £'x(a,(S(h)v) ^^^^ gauge-natural generalized 
Jacobi morphism associated with the Lagrangian A and the gauge-natural lift 
&iE)v. □ 

We have the following: 

Proposition 2 The morphism j/(A, (5(S)y) is a linear morphism with respect 
to the projection J^sYc ^ VJ^sA^^'''^ J^sY^. 
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We are now able to provide an important specialization of Theorem |21 
Proposition 3 Let [.Cj^^^^^^X] G (V"+^)y. Then we have 

Proof. By Theorem |21 and the Lemma above we have: 

^%\'oC^^^[C^^^^^^X] = f„aSvJ/i(/:,^^,H.A)) + (18) 

+ [Clij2s^(g>KhdC,^^^^x)] = SnUs^vlHC^^^.^^.X)) + (19) 

£n{3s^v\h{dC^^^^^^X)) = £n{js^v\h{C,^^,^,X)) + (20) 

+J{X,&{E)v). [HU (21) 



Remark 14 Theorem^in Subsection 2.6 provides an invariant decomposition, 
where both pieces are globally defined. However, the second one is only locally 
a divergence, unless some further geometric structures such as linear symmet- 
ric connections on the basis manifold or suitable gauge-natural principal (or 
prolongations with respect to linear symmetric connections of principal) con- 
nections are introduced |29[ 1301 BB] . Proposition above, instead, provides an 
invariant decomposition into two pieces which are globally defined and no one 
of them, seen as a section of (V"+"^)y , is a (local) divergence. As we shall see, 
this fact has very important consequences concerning conserved quantities in 
gauge-natural Lagrangian field theories. □ 

A simple comparison of Remark^] Proposition^and the Proposition above 
gives us the following. 

Corollary 2 Let S^X be the variation of X with respect to vertical parts of 
gauge-natural lifts of infinitesimal principal automorphisms. We have: 

&{E)v\£n{&{^)v\£n{X)) = 4 A = £nmE)v\h{d6X)) . (22) 

The reader should notice that, seen as a section of (V")vxi^v, the equiva- 

X 

lence class [£n{js'EY\h{SX))] vanishes being a local divergence of higher degree 
contact forms. This result can also be compared with |17|. 

4 Noether Theorems and conserved currents for 
gauge-natural invariant Lagrangians 

In the following we assume that the field equations are generated by means of 
a variational principle from a Lagrangian which is gauge-natural invariant, i.e. 
invariant with respect to any gauge-natural lift of infinitesimal right invariant 
vector fields. We consider now a projectable vector field (S,^) on and take 
into account the Lie derivative with respect to its prolongation j^S. 
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Definition 14 Let (S,^) be a projectable vector field on Yq. Let A G V" be a 
generalized Lagrangian. We say S to be a symmetry of A if Cj A = 0. 

We say A to be a gauge-natural invariant Lagrangian if the gauge-natural 
lift (S, ^) of any vector field S e yl^'"'*-') is a symmetry for A, i.e. if Cj^^^2 A = 0. 
In this case the projectable vector field S = 25 (S) is called a gauge-natural 
symmetry of A. □ 

Remark 15 Due to £nCj^§^ — Cj^^En, a symmetry of a Lagrangian A is also 
a symmetry of its Euler-Lagrange morphism Ex (but the converse is not true, 
see e.g. 01]). □ 

Symmetries of a Lagrangian A are calculated by means of Nocthcr Theo- 
rems, which takes a particularly interesting form in the case of gauge-natural 
Lagrangians. 

Proposition 4 Let A G V" be a gauge-natural Lagrangian and (S, ^) a gauge- 
natural symmetry of A. Then we have 

= ~£^\£n{X) + dH{-Js£s\Pd.x + ^JA) . (23) 

Suppose that the section a fulfills the condition (j2s+i(t)* (— £2jf„(A)) = 0. 
Then, the {n — I) -form 

e = -js£HJPdvA+CJA, (24) 
fulfills the equation d((j2sCr)* (e)) = 0. 

Remark 16 If ct is a critical section for i?„(A), i.e. (j2s+iO')*£'„(A) = 0, the 
above equation admits a physical interpretation as a so-called weak conservation 
law for the density associated with e. 

Definition 15 Let A G V" be a gauge-natural Lagrangian and S G A'--'^'''^ 

n — 1 

Then the sheaf morphism e : J2sY^ x VJ2sA^''^'''> Q[A^''''''>] A ( A T*X) is 
said to be a gauge-natural weakly conserved current. D 

Remark 17 In general, this conserved current is not uniquely defined. In fact, 
it depends on the choice of pd^x, which is not unique (see |46| and references 
quoted therein). Moreover, we could add to the conserved current any form 
A* G ^2s~^ which is variationally closed, i.e. such that £'„_i(/i) = holds. The 
form fj, is locally of the type /i = dn^, where 7 G V^^l^^^. □ 

Corollary 3 Lete: J2sY^xVJ2sA^'''''^ C^[A^'''^'>]A{ A T*X) be a conserved 

current. As an immediate consequence of Remark \L'A we can regard e as the 
equivalent morphism e = e : J2sY^ x VJ2sA^'^''''> Ci,[A^''''''>](E)Q[A^'''''^ A 

( A T*X). 
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Remark 18 Let 77 G V""*"""^ and let S be a symmetry of rj. Then, as a special 
case of Tlieorem|21 we have — SnC^vlv) + [ClU^s+i^v^Khdrj)]- Suppose that 
Khdrj = 0; then we have f„(SyJ?7) = 0. This implies that Syjry is variationally 
trivial, i.e. it is locally of the type SyJ?7 = where ^ G '^7^1 ■ 

Suppose that the section a : X ^ fulfils (j2s+icr)*(SyJry) = 0. Then we 
have d((j2sO')*/i) = so that, as in the case of symmetries of Lagrangians, /z is 
a conserved current along a. 

As in the case of Lagrangians, a conserved current for an Euler-Lagrange 
type morphism is not uniquely defined. In fact, we could add to ^v\v any vari- 
ationally trivial Lagrangian, obtaining different conserved currents. Moreover, 
such conserved currents are defined up to variationally trivial (n — l)~forms. □ 

4.1 The Bianchi morphism 

labelkeyl 

In gauge-natural Lagrangian theories it is a well known procedure to per- 
form suitable integrations by parts to decompose the conserved current e into 
the sum of a conserved current vanishing along solutions of the Euler-Lagrange 
equations, the so-called reduced current, and the formal divergence of a skew- 
symmetric (tensor) density called a superpotential (which is defined modulo a 
divergence). Within such a procedure, the generalized Bianchi identities play a 
very fundamental role: they are in fact necessary and (locally) sufficient condi- 
tions for the conserved current e to be not only closed but also the divergence of 
a skew-symmetric (tensor) density along solutions of the Euler-Lagrange equa- 
tions. 

In the following wc shall perform such an integration by part of the conserved 
current by resorting to Kolaf 's invariant decomposition formula of vertical mor- 
phisms we already used to define the Jacobi morphism. We will also make an 
extensive use of Remark [T51 

Remark 19 Let A be a gauge-natural Lagrangian. By the linearity of £ we 
have 

We have Dni^i^, C5(S)v) = 0. We can regard uj{X, ®{'E.)v) as the extended mor- 
phism uj{\, <&{E)v) : J2sYc X VJ2sA^'-'''^ -> CUA^''''''>](^Ci,[A^'^''''>](E)Q[A^'''''^ A 

n 

{AT*X). Thus we can state the following. □ 
Lemma 6 Let w(A, 0(S)v) be as in the above Remark. Then we have globally 
«+i)*c^(A, e{E)v) = /3(A, ©(S)v) + F^(A,25(H).) , 

where 

/?(A,0(S)y)si?^(,^e(g)^) : (25) 
: JisY^ X VJisA^'''-^'' Cl,[A(''''''>](^Q[A^'''''^®C^[A^'''''^ A (AT*X) (26) 
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and locally, -FL(a,®(H)v) = ^a;(A,0(H)v,); 'W'^th 

M^^x.eiEW) : J4s-iYc x l/J4.-i^(^-'=) ^ (27) 

n— 1 

^ C2%[^(''''')]®Q,_i[^('^'''')](g)Q[^(''''=)] A ( A T*X) . (28) 
In particular, we get the following local decomposition of uj{X, ©(S)y): 

a;(A, 6(S)y) - /3(A, ©(S)y) + i?H?(A, , (29) 

Proof. We take into account that Dh^{X, ®(2)v') is obviously vanishing, 
then the result is a straightforward consequence of Lemma ^ \qed\ 

Definition 16 We call the global morphism P{\,&{^)v) '■— E^^^x,iscs:)v) 
generalized Bianchi morphism associated with the Lagrangian A. D 

Remark 20 For any (S, ^) e A''^'''\ as a consequence of the gauge-natural 
invariance of the Lagrangian, the morphism /3(A, ©(S)v') = 5„(w(A, (5(S)y)) 
is locally identically vanishing. We stress that these are just local generalized 
Bianchi identities. In particular, we have w(A, ©(E!)v) = DHe{\, ©(E!)v) locally 

PI El El m ESI □ 

Definition 17 The form e(A, (5(S)y) is called a local reduced current. □ 
4.2 Global generalized Bianchi identities 

We are now able to state our main result providing necessary and sufhcient con- 
ditions on the gauge-natural lift of infinitesimal right-invariant automorphisms 
of the principal bundle P in order to get globally defined generalized Bianchi 
identities. Let Ker j(a,©(e:)v) fcerneZof the generalized gauge-natural 

morphism i7(A, ©(S)v). As a consequence of the considerations above, we have 
the following important result. 

Theorem 3 The generalized Bianchi morphism is globally vanishing if and only 
if Six = J{X,e{E)v) = 0, i.e. if and only if e{E)v G J?. 

Proof. By Corollary |21 we get 

&iE)v\f3{X, <3{E)v) = Six = J{X, &{E)v) . 

Now, if ©(S)\/ G ^ then /3(A, ©(S)y) = 0, which are global generalized Bianchi 
identities. Vice versa, if 6(S)y is such that (3{X, ©(S)y) 0, then J{X, ©(S)y) 
= and ©(S)v G M.. Notice that 6(S)yJ^(A, &(E)v) is nothing but the Hessian 
morphism associated with A (see El). \qeo\ 
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Remark 21 We recall that given a vector field jsS : JsY(; TJsYq, the 
splitting lU yields j^S o 7rf+i = j^Sn + js'^v where, if jsS = E''d^ + S*„5f , 
then we have js'^H = S^I?^ and j^Sy = Da(S* — yl^E'^)d°'. Analogous consid- 
erations hold true of course also for the unique corresponding invariant vector 
field jsS on T^(''''^)p. In particular, the condition js'^v G implies, of course, 
that the components and 'ET' are not independent, but they are related in 
such a way that j'^Sy must be a solution of generalized gauge- natural Jacobi 
equations for the Lagrangian A (see coordinate expression (|16|l '). The geometric 
interpretation of this condition will be the subject of a forthcoming paper j41j . 
Our results are quite evidently related to the theory of G-reductive Lie deriva- 
tives developed in . It is in fact our opinion that the Kosmann lift (the kind 
of gauge-natural lift used to correctly define the Lie derivative of spinors, in !I18| 
interpreted as a special kind of reductive lift) can be recognized as a kind of 
gauge-natural Jacobi vector field. Even more, we believe that the kernel of the 
generalized gauge-natural Jacobi morphism induces a canonical reductive pair 
on VF(''''^)p. We also remark that, for each S S A'^^''^'^ such that Sy £ we 
have Cj^^^uj{X, A) ~ 0. Here it is enough to stress that, within a gauge-natural 
invariant Lagrangian variational principle the gauge-natural lift of infinitesimal 
principal automorphism is not intrinsically arbitrary. It would be also interest- 
ing to compare such results with reduction theorems stated in j23j . 

□ 

In the following we shall refer to canonical globally defined objects (such as 
currents or corresponding superpotentials) by their explicit dependence on A. 

Corollary 4 Let A e V" be a gauge-natural Lagrangian and js'^v G ^ a 
gauge-natural symmetry of X. Being l3{X,A) = 0, we have, globally, a;(A,^) = 
Dh^{X,^, then the following holds: 

DH{e{X,^)-i{X,^)^Q. (30) 

Eq. H3U|) is referred as a gauge-natural 'strong' conservation law for the global 
density e(A,.^) — e(A,.^). 

We can now state the following fundamental result about the existence and 
globality of gauge-natural superpotentials in the framework of variational se- 
quences. 

Theorem 4 Let X G V" be a gauge-natural Lagrangian and (j'^S,^) a gauge- 
natural symmetry of X. Then there exists a global sheaf morphism iy(X,M.) G 

Dhv{X, J?) = e(A, j?) - ?(A, j?) . 

Definition 18 We define the sheaf morphism v{X^ ^) to be a canonical gauge- 
natural superpotential associated with A. 

□ 

Acknowledgments. The authors wish to thank Prof. I. Kolaf for many 
interesting and useful discussions. 
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